Direct numerical simulations of a liquid metal filling the gap between two concentric spheres are presented. The flow is governed by the interplay between the rotation of the inner sphere (measured by the Reynolds number Re) and a weak externally applied axial magnetic field (measured by the Hartmann number Ha). By varying the latter a rich variety of flow features, both in terms of spatial symmetry and temporal dependence, is obtained. Flows with two or three independent frequencies describing their time evolution are found as a result of Hopf bifurcations. They are stable on a sufficiently large interval of Hartmann numbers where regions of multistability of two, three and even four types of these different flows are detected. The temporal character of the solutions is analysed by means of an accurate frequency analysis and Poincaré sections. An unstable branch of flows undergoing a period doubling cascade and frequency locking of three-frequency solutions is described as well. a)
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II. INTRODUCTION
The problem under consideration is the magnetised spherical Couette (MSC) flow which describes the motion of an electrically conducting liquid confined between two differentially rotating spheres and subjected to a magnetic field parallel to the axis of rotation. It is formulated in terms of the three-dimensional incompressible Navier-Stokes equations with enforced differential rotation between the rigid boundaries. This allows the appearance of thin shear layers (Stewartson layer, Ref. 1) parallel to the rotation axis, along the tangent cylinder, and thin Ekman-Hartmann boundary layers 2 . The latter emerge in case of no-slip boundary conditions, in order to model the set up of laboratory experiments. The numerical treatment is thus extremely challenging because of the high spatial resolution required to resolve these thin layers.
The MSC system is interesting as a simple model to study how magnetic fields interact with conducting liquids in rotating spherical containers. Such interactions are important for the understanding of planetary or stelas dynamos, as referenced by Refs. 3, 4, for detailed references and introduction to the field. The MSC system is also of interest to model the magnetorotational instability (MRI) 8 which is believed to explain the transport of angular momentum in accretion disks around black holes and stars, and also in protoplanetary disks 9 . The transport of angular momentum in such environments seems to be the cause which allows the matter to fall into the center.
Because of its relevance, MRI has been studied experimentally, with GaInSn between two rotating cylinders at Helmholtz-Zentrum Dresden-Rossendorf (HZDR) [10] [11] [12] , and in Maryland 13 with liquid sodium between differentially rotating spheres. In this latter experiment the observed instabilities were considered as MRI, but with nonaxisymmetric (azimuthally dependent) symmetry. However, subsequent numerical simulations 14, 15 , and experiments 16 , have not interpreted the instabilities as MRI but as typical instabilities associated to the MSC system, namely the radial jet, return flow and shear layer instabilities 17, 18 . These different interpretations provide a motivation for advancing the knowledge of the MSC system.
In absence of magnetic field, and with the outer sphere at rest, the basic axisymmetric spherical Couette (SC) flow is stable 19 for sufficiently small rotation of the inner sphere (measured by the Reynolds number Re). At a certain critical Re c nonaxisymmetric instabilities give rise to regular flows whose pattern and topology depend strongly on the gap width χ = r i /r o (with r i and r o being the inner and outer radii) of the problem. When the shell is thin, Taylor-Görtler vortices develop [20] [21] [22] contrasting with the spiral waves [23] [24] [25] preferred at wider gaps. In the latter case, triadic resonances were found in a recent study (see Ref. 26 ) before reaching the turbulent regime. Generally, chaotic and even turbulent flows are obtained from successive bifurcations of the initial base state if Re is sufficiently increased. This is typical in large scale dissipative dynamical systems 27 . Although the SC system has a simple formulation, it reveals immense complexity as it has been shown in the recent study (Ref. 28 ) which investigates different flow regimes appearing either with positive or negative differential rotation.
In the presence of a magnetic field the axisymmetric base spherical Couette flow and its corresponding nonaxisymmetric instabilities have been determined in the (χ, Re, Ha) parameter space 14, 17 . Only a few fully nonlinear studies (e.g., Refs. 15, 29-32) have investigated the flow properties, by means of direct numerical simulations (DNS), and addressed their dependence on the physical parameters. The main differences among the latter studies rely on the topology of the applied magnetic field (axial, dipole, quadrupole) or on the type of boundary conditions considered. A comprehensive numerical study, Ref. 33, related to the liquid sodium Derviche Torneur Sodium (DTS) experiment in Grenoble 34 , has revealed several dynamical regimes where coherent structures coexist with turbulent flows. Very recently on Ref. 35 , with an inner sphere rotating slightly faster than the outer and a dipolar field due to magnetised inner sphere, axisymmetric and nonaxisymmetric solutions were obtained. The latter have been interpreted as MRI because they are produced within the Stewartson layer and arise as a rotating wave when the helical component of the magnetic field is strong.
The HEDGEHOG (Hydromagnetic Experiment with Differentially Gyrating sphEres HOlding GaInSn) laboratory experiment 16 at Helmholtz-Zentrum Dresden-Rossendorf is designed to study the different flow (hydrodynamic and magnetic) instabilities occurring for a homogeneous axial applied magnetic field. This configuration has been previously addressed in the numerical studies of Refs. 14, 17, 29, 32 . Beyond a critical value Re c the basic flow becomes unstable to non-axisymmetric perturbations whose topology depends strongly on the applied magnetic field strength (measured by the Hartman number Ha). At low Ha the instability appears in the form of an equatorially antisymmetric radial jet at the equatorial plane, whereas at large Ha the instability is equatorially symmetric and connected to a shear layer at the tangent cylinder 14, 29 . For moderate values of Ha, between the radial jet and the shear layer instability, it takes the form of a meridional return flow instability 14 . We note that the radial jet and return flow instabilities are separated by a Ha interval in which the basic flow stabilises again 14, 17 .
From the mathematical point of view the SC and the MSC are SO(2)×Z 2 equivariant systems, i. e., invariant by azimuthal rotations and reflections with respect to the equatorial plane. In this class of dynamical systems the type of solutions appearing at successive bifurcations from the base state is theoretically known [36] [37] [38] [39] [40] .
After a primary Hopf bifurcation, several branches of periodic rotating waves (RW) appear, which in turn give rise to quasiperiodic modulated rotating waves (MRW) at a secondary Hopf bifurcations. In case of the MSC problem the existence of RW has been confirmed by experimental studies 41 14, 17, 29 by describing the type of flows in terms of bifurcation theory.
The pioneering theoretical work of Ref. 43 showed that arbitrarily smooth perturbations can destroy a three-frequency quasiperiodic solution, a solution whose temporal dependence is described by three incommensurate frequencies, producing a strange attractor questioning the existence of such a solutions in real physical systems. Later work of Ref. 44, however, provided several numerical examples where these three frequency solutions indeed exist.
The authors of Ref. 44 argue that the smooth perturbations which may destroy these three frequency solutions are unlikely to occur in practise. Subsequent studies in the context of axisymmetric Navier-Stokes flow in a cylindrical annulus 45 , 2D convection in a rectangle 46 , a rotating baroclinic annulus 47 , or a 2D rectangular cavity filled with air 48 , provided further evidence of three frequency solutions. Moreover, three frequency solutions have been found as well as in the case of 3D convection in a rotating sphere, although in a very narrow parameter range 49 .
The present paper continues previous work described in Refs. 18, 42. The main novelty of the present study is to describe new branches of quasiperiodic MRW with two and even three frequencies and branches of chaotic flows. The flows with temporal dependence described by 3 frequencies are obtained for first time in the MSC problem. In addition, to the best knowledge of the authors, three frequency solutions in a three dimensional MHD problem have been never described up to now. These solutions are found when the applied axial magnetic field is weak, i. e., in the regime governed by the radial jet instability. The main goal is to describe the spatio-temporal symmetries of the waves as the Hartmann number Ha → 0 is decreased. As it will be shown in the paper, several regions of multistability involving three-frequency solutions are found and their temporal scales are accurately determined by means of sophisticated time series analysis 50 . This is important for later comparisons with the results of the HEDGEHOG experiment.
The organisation of the paper is as follows: Section § III introduces the model problem and the numerical method used to solve the governing equations. The core of the study belongs to § IV where the results are presented and the dynamics of the system is analysed.
Finally, § V summarises the main conclusions of the study.
III. THE MAGNETISED SPHERICAL COUETTE MODEL
A liquid metal of constant density ρ, kinematic viscosity ν, electrical conductivity σ, magnetic diffusivity η = 1/(σµ 0 ), µ 0 being the free-space value for the magnetic permeability, fills a spherical shell with inner and outer radii r i and r o . The fluid is driven by the rotation of the inner sphere at a constant angular velocity Ω around the vertical axisê z and the outer sphere is at rest. Decomposing the magnetic field as B =ê z + Rmb and neglecting terms O(Rm), the Navier-Stokes and induction equations read
In the framework of the inductionless approximation the MSC system is described in terms of three non-dimensional numbers: the Reynolds number, the Hartmann number and the aspect ratio
The boundary conditions for the velocity field are no-slip (v r = v θ = v ϕ = 0) at r = r o and constant rotation (v r = v θ = 0, v ϕ = sin θ) at r = r i . As in previous studies (e.g., Ref. 29) , and mimicking the experimental setting, insulating exterior regions are considered for the magnetic field.
The method to numerically solve the equations is described in Ref. 18 and references therein. The toroidal, Ψ, and poloidal, Φ, potentials are utilised to express the divergence-
The unknowns are expanded in spherical harmonics in the angular coordinates (r = rê r is the position vector) and a collocation method on a Gauss-Lobatto mesh of N r points is considered for the radial direction. More concretely, the solution vector u = (Ψ, Φ) (Eq. 4)
is expanded in spherical harmonic series up to degree L max and order M max = L max as
with Ψ −m l = Ψ m l , Φ −m l = Φ m l , Ψ 0 0 = Φ 0 0 = 0 to uniquely determine the two scalar potentials, and Y m l (θ, ϕ) = P m l (cos θ)e imϕ , P m l being the normalised associated Legendre functions of degree l and order m. The code is parallelised on the spectral and on the physical space by using OpenMP directives. Optimised libraries (FFTW3 52 ) for the FFTs in ϕ, and matrixmatrix products (dgemm GOTO 53 ) for the Legendre transforms in θ, are implemented for the computation of the nonlinear (advection) term.
High order implicit-explicit backward differentiation formulas (IMEX-BDF) 54 are used for the time integration. In the IMEX method we treat the nonlinear terms explicitly in order to avoid solving a nonlinear system of equations at each time step. The Lorenz force term in Eq. 1 is treated explicitly too, which may necessitate a reduced time step in comparison with an implicit treatment. However, this is not a serious issue when moderate Ha are considered, as is the case for the present study. The use of matrix-free Krylov methods (GMRES 55 in our case) for the linear systems facilitates the implementation of a suitable order and time stepsize control for the time integration (see Ref. 54 for details of the implementation).
IV. RESULTS
The results presented in this section are based on direct numerical simulations for fixed χ = 0.5, Re = 10 3 and control parameter Ha ∈ [0, 6]. According to table 1 of Ref. 18 this parameter regime is well resolved for N r = 40 (number of radial collocation points) and L max = 84 (spherical harmonics truncation parameter). From time to time, we increase the resolution to N r = 60 and L max = 126 to seek for discretisation errors which are below 1%.
The two previous studies (Refs. 18, 42) provided the bifurcation diagrams for rotating waves and modulated rotating waves including the above mentioned range of parameters.
Specifically, branches of unstable/stable rotating waves with azimuthal symmetry m = 2, 3, 4
were computed 18 and branches of MRW with azimuthal symmetries m = 1, 2, 3 were classified 42 according to the established theory 36, 39 . Here, we start to compute the new flows using DNS with initial conditions built from RW or MRW previously obtained 18, 42 . By adding a small random perturbation to all the spherical harmonic amplitudes of these initial conditions, the model equations are time-stepped until an attractor is reached, that is, the flow is saturated and in a statistically steady state. To study the dependence of the flows on Ha we analyse time series of local (the radial velocity measured at a point inside the shell) or global physical properties such as the volume-averaged kinetic energy K. The latter is defined as
Concretely, we consider this volume integral for the non-axisymmetric component of the velocity field to define the non-axisymmetric K na kinetic energy. It is based on the m = 0 modes of the spherical harmonic expansion of the potentials Ψ and Φ. This choice is motivated by the non-axisymmetric character of the radial jet instability, which is the focus of the present study. In addition, the previous volume integral can be computed for either the toroidal, ∇ × (Ψr), or the poloidal, ∇ × ∇ × (Φr), component of the velocity field, giving rise to either the toroidal, K T , or the poloidal, K P , kinetic energies.
For each wave number m in the spherical harmonic expansion (Eqs. 5-6), the instanta-neous kinetic energy K m is defined by only considering the spherical harmonic amplitudes ψ m l and φ m l with order m and degree |m| ≤ l ≤ L max . For each DNS, we search for m max with K mmax ≥ K m , 1 ≤ m ≤ L max , being the time average. In our implementation an m-fold azimuthal symmetry for fixed m = m d can be imposed to obtain solutions with prescribed symmetry. This means that only the spherical harmonic amplitudes with azimuthal wave numbers being multiples of m d are nonzero in Eqs. 5-6. We recall that a solution with m-fold Ö ÔÐ Ñ ÒØ× Fig. 4(b,c) ). As commented before, on Branch 2 there is a branch of 2T solutions (points on the right part of Fig. 4(a) ) connecting the two branches of 3T solutions. The Poincaré sections appearing at the right top corner (see detail Fig. 4(d) ) correspond to complex 3T attractors found at Ha = 0 and Ha = 0.7. both shown on the left part of Fig. 5(d) .
Several Poincaré sections are displayed on Fig. 6 to demonstrate the type of time dependence of flows with m = 1 and m max = 2. On Fig. 6(a) the Poincaré sections are defined by v r (r 1 , π/8, 0) = −6 × 10 −2 whereas on Fig. 6(b) appears -by means of a Hopf bifurcation-giving rise to 3T solutions whose Poincaré sections of volume-averaged quantities become closed curves.
With the exception of the branch of P.O., all flows described in this section are stable.
The interval of Hartmann numbers for the stability of each type of temporal dependence (2T, 3T, and Ch.) on each branch shown in Fig. 5(a) is provided in Table II .
D. Flows with m = 2
In this section the class of flows with m = 2, first displayed on Fig. 2 and obtained imposing m = 2-fold azimuthal symmetry on the DNS, is investigated. Figure 7 The frequency analysis for the radial velocity summarised in Fig. 7(b,c,d) to the one corresponding to the unstable rotating waves with m = 2 at the same range of parameters. The label Br. 5 on Fig. 7(b) (and on its detail, Fig. 7(c) ) refers to Branch 5, which is the branch corresponding to m = 2 displayed on Fig. 7(a) . The label Br. 4 corresponds to Branch 4, a branch of chaotic flows with m = 1, m max = 2 already described in Sec. IV C. As happens for the nonaxisymmetric kinetic energy, see Fig. 2 and compare Fig. 5(a) with Fig. 7(a) , the values of the 1st and 2nd frequencies are very close giving evidence of the relation between Branch 4 and Branch 5. Solutions lying on the latter branch seem to be the projection onto the m = 2 subspace of the corresponding solution with m = 1, as this is slightly more energetic (see Fig. 2 ) because it contains more spherical harmonics. (with frequencies less than a mHz) associated with the modulation. Figure 8 (a) evidences the region of frequency locking as the curves for the 1st and 2nd frequencies (thick/thin line) have the same shape and we have checked that they differ only by a constant (3/2) factor. If the volume averaged kinetic energy is used to define the Poincaré section ( Fig. 9(b) ) the situation is even more clear since the 3T solution is a closed curve and the frequency locked 3T solution is a set of 3 points. Finally, Fig. 11 investigates the Ha dependence of the Poincaré sections for chaotic flows down to Ha = 0. Volume averaged properties are considered as in Fig. 10 . Figure 11 have very similar kinetic energies and frequencies (see Fig. 8(b) ) they are clearly related and thus Branch 4 seems to be related with Branch 5, that is, the unstable branch with m = 2.
E. Flow patterns
In this section the flow patterns for a chaotic solution are briefly described. The flow Fig. 6 ). The flow consist of two main cells, as m max = 2, but it is not invariant under π azimuthal rotations as it retains the m = 1 azimuthal symmetry (best shown on 3rd row). As it is usual for the spherical Couette system, with moderate Re = 10 3 , the main flow is nearly axisymmetric consisting of a strong jet that is located close to equatorial latitudes (see meridional sections on 2nd/4th rows of Fig 12) and extends radially outwards from the inner sphere. The appearance of multiple states in experimental flows strongly depends on the conditions assumed for the initial state 60 , and in DNS the type of perturbation applied determines the type of mode that will be selected among the bifurcated solutions. Ultimately, the geometry of the stable invariant manifolds and their folding in the phase space determines the basin of attraction of each regular solution. In this way, the computation of these manifolds could help to understand why a given initial condition leads to the m = 1, m max = 2 or to the m = 1, m max = 3 branch, respectively. 
